TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 353, Number 1, Pages 327-347

S 0002-9947(00)02656-8

Article electronically published on September 13, 2000

CONVERGENCE OF THE RUELLE OPERATOR FOR A
FUNCTION SATISFYING BOWEN’S CONDITION

PETER WALTERS

ABSTRACT. We consider a positively expansive local homeomorphism 7: X —
X satisfying a weak specification property and study the Ruelle operator L,
of a real-valued continuous function ¢ satisfying a property we call Bowen’s
condition. We study convergence properties of the iterates £ and relate them
to the theory of equilibrium states.

1. INTRODUCTION

We consider a continuous map T: X — X of a compact metric space and a
continuous function p: X — R with some assumptions that ensure the Ruelle op-
erator £, maps the space C(X;R) of real-valued continuous functions to itself and
behaves well. We obtain a convergence theorem for £, as n — oo (Theorem E.T6)
and deduce results about equilibrium states. Results of this type are mostly stated
when T is a subshift of finite type, but we use a more general context to include
expanding maps of compact manifolds and other examples.

Let X be a compact metric space with metric d, and let T: X — X be a
continuous surjection. We shall assume T is positively expansive, i.e. 359 > 0,
so that if x # z In > 0 with d(T"z,T"z) > dp. Such a number Jy is called
an expansive constant for T and clearly every smaller positive number is also an
expansive constant. If we change to an equivalent metric, then T is positively
expansive in the new metric, but the expansive constant can change. Reddy has
shown one can find an equivalent metric D and constants 7 > 0, A > 1 such that
D(x,z) < 7 implies D(Tx,Tz) > AD(z,z). Hence T expands distances locally in
the metric D ([Re]).

We also assume T is a local homeomorphism. This condition can be stated
in several equivalent ways, which we discuss later in this section. The third as-
sumption on T is a weak specification condition, which can also be described in
several ways (see Theorem [[L2)). This condition does not involve periodic points.
Topologically mixing subshifts of finite type are examples of positively expansive
local homeomorphisms with the weak specification property, and they are the only
subshifts with these properties. Another important class of examples is given by
expanding differentiable maps of smooth compact connected manifolds.

We have assumed 7' is a local homeomorphism because we want the transfer
operators, defined by Ruelle, to map the Banach space C(X;R) of real-valued
continuous functions on X, equipped with the supremum norm, to itself. For
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each ¢ € C(X;R) the transfer operator £,: C(X;R) — C(X;R) is defined by
(Lof)(x) =2 yer—1s e?W) f(y). This is a finite sum; since T is positively expansive,
each set Tz is dp-separated if dy is an expansive constant. Each operator L, is
linear, continuous and positive.

We take the opportunity to introduce some notation. We use 1 to denote the
constant function with value 1. The open ball with center x and radius ¢ will
be denoted by B(z;d). The o-algebra of Borel subsets of X will be denoted by
B(X) or by B if no confusion can arise. The convex set, M (X), of all probability
measures on (X,B) can be considered as a subset of the dual space C(X;R)*
and M (X) is compact in the weak*-topology. The space of T-invariant members
of M(X) is also compact in the weak*-topology and is denoted by M(X,T). If
¢ € C(X;R), then P(T,¢) denotes the pressure of T at ¢ ([W2]). If p € M(X),
then L (X) denotes the space of measurable f: X — R with |f|P integrable with
respect to p, p > 1. The conditional expectation of f: X — R with respect to
a o-algebra A using p is denoted by E,(f/A). We sometimes write p(f) instead
of [ fdu. If ¢ € C(X;R), then an equilibrium state for ¢ is some p € M(X,T)
with h,(T) + p(p) = P(T, ) where h,(T) is the entropy of the measure-preserving
transformation T': (X, B, u) — (X, B, u). An equivalent condition is h,(T)+o(p) <
hu(T) + pu(p) Yo € M(X,T) ([W2]). The symbol = denotes uniform convergence.

Ifn >1land p: X — R, weuse (T,p)(z) for Z?;Ol @(T"z). Note that (L7 f)(x) =
ZyeT_nx eTne)W) £ (y).

For p € C(X;R), n > 1, § > 0 define

onl0,8) = sup{li(@) — p(2)[d(T'e, T'z) < 5,0 <i < n—1}.

If ¢ is an expansive constant, then v,(p,d) — 0 as n — oo.
The following result, in which £, denotes the dual of L, is well-known, and the
first version of it was proved by Ruelle and is called the Ruelle operator theorem.

Theorem 1.1. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification condition. Let ¢ € C(X;R) satisfy

sup Un4j(Th,6) =0 asj— oo for somed >0
n>1

(and hence for all smaller 0). There exists h € C(X;R) with h > 0, A € R with
A >0, and v € M(X) so that Loh = M and Ly = Av. If we normalize h

so that v(h) = 1, then Vf € C(X;R) W =Zh(x)v(f). The spectral radius of
Ly: C(X;R) — C(X;R) is A and log A = P(T, ¢).

Proof. The condition on ¢ still holds if we change to an equivalent metric. The
result is a special case of Theorem 8 of [W1] because under a Reddy metric D the
map T satisfies the conditions of [W1J. O

Since vp4j(Thp,d) < ZZIJ" vi(p,0), the condition on ¢ is implied by
S L onlp,6) < o0,

One consequence of Theorem [[L1] is that each ¢ satisfying the condition of the
theorem has a unique equilibrium state p,, given by p, = h.v (ie. po(f) = v(h.f)
Vf € C(X;R)) and T is exact with respect to .. Also, under the conditions of
the theorem one can show the natural extension of the measure-preserving trans-
formation T': (X, B, ue) — (X, B, ) is isomorphic to a Bernoulli shift ([W1]).



CONVERGENCE OF THE RUELLE OPERATOR 329

We want to consider a weaker condition on ¢ than the one in Theorem [T It
is worth pointing out that one needs no assumption on ¢ € C(X;R) to get A > 0
and v € M(X) with L3v = Av, as is easily seen by using the Schauder-Tychanoff

fixed point theorem on the map p — (L—fz)“(—l) of M(X). We shall consider the

following condition that resembles one used by Bowen in the case of expansive
homeomorphisms with a strong specification property ([BT]).

Definition. We say ¢ € C(X;R) satisfies Bowen’s condition (with respect to
T: X — X)if 3§ > 0 and C > 0 with the property that whenever d(T%z,Tz) < §
for 0 <i<n—1, then

n—1

> [o(T'z) — o(T'2)]| < C.

i=0

Another way to phrase this definition is sup,,~; vn(The,d) < oo. If Bowen’s
condition holds for some &, then it holds for all smaller §. Notice that if p € C'(X;R)
satisfies the assumption of Theorem [[.1] then it satisfies Bowen’s condition. There
are examples of functions that satisfy Bowen’s condition but not the assumption of
Theorem [[L1]. Later results will show the Bowen condition is a natural assumption
(Theorem E.g).

Bowen showed that when T is an expansive homeomorphism with the strong
specification property, then every continuous function satisfying his condition has
a unique equilibrium state and this state is weak-mixing. He uses a method based
on periodic points.

We consider how much of Ruelle’s operator theorem holds for ¢ € C(X;R)
satisfying Bowen’s condition. We prove there is a unique v € M (X) with Loy =
for A > 0 and this measure is tail-trivial. Recall that v is tail-trivial means that

the only values v takes on sets in the tail o-algebra Bo = (o, T "B(X) are

0 and 1. Moreover, we show V[ € C(X;R)% converges uniformly to v(f)
)

(Theorem ZT6). We show ¢ has a unique equilibrium state p, and investigate
some properties of u,. This is done by considering measurable g-functions after
we construct a measurable h: X — [d1,d2] C (0,00) with L,h = Ah everywhere.
We use a method suggested by the work of Fan who studied the case of continuous

n

g-measures for subshifts of finite type ([E]). We also consider convergence of E)\“;f as
n — oo and obtain a result giving LP convergence. Such a result has been proved
by Ruelle in a more general context in which the transformation T need not be a
local homeomorphism and hence the operator £, does not act on C(X;R) ([Rul).
Our measurable g-function method allows us to deduce the LP convergence from a
Martingale theorem.

In 42 we prove the convergence theorem (Theorem [2T6) and characterize the
Bowen condition in terms of measures. In 3 we deduce results about g-measures
from the results of §21 We study equilibrium states and the convergence of L)\“;,f
in 4] using measurable g-functions. In g5 we consider continuity properties of a
measurable density function obtained in {4l

We now discuss the assumption that 7" be a local homeomorphism. The condition
can be stated in several equivalent ways. One statement, that is easier to check
in examples, is that for every z € X there is an open neighbourhood U, of x
with TU, open such that T maps U, homeomorphically onto TU,. By a result
of Eilenberg ([A-H], p. 31) this is equivalent to the following statement in which
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diam(B) denotes the diameter of the set B C X: there exist 6; > 0, § > 0 and a
function 7n: (0,6;] — (0,00) with lim;_.¢n(¢) = 0 such that each open subset V' of
X with diam(V') < §; has a decomposition of T~V with the following properties:

(i) T7'V =Uy U--- U Uy for some k, where each Uj; is open;

(ii) T maps each U homeomorphlcally onto V;

(iii) if ¢ # j, then d(z;,x;) > 0 Va; € U, z; € Uy,

(iv) diam(V) < ¢ implies diam(U;) < n(d) for each ¢, 1 < ¢ < k, and each
0 € (O 51]

If we change to an equivalent metric, then this property still holds with different
01,60 and 7.

We now show that if T: X — X is a positively expansive local homeomorphism,
there is some d2 > 0 such that whenever V' is an open subset of X with diam(V') < d,
and z € V, then Vn > 1, T™"V is a disjoint union UyET*"ﬁc U, of open sets with
T mapping each Uy onto V. To see this choose a Reddy metric D with constants
7> 0, A > 1, and let 41, 0, n correspond to D in the local homeomorphism condition.
Let § satisfy 6 < 61, § < 7 and n(d) < 7 and suppose V is open and diamp (V) < §
(Where the subscript shows the diameter is taken for the metric D). Then T-1V =
Ui U -+ UUy; where each open set U; has diamp(U;) < §/A < §. Therefore each
T’lU can be decomposed into disjoint open sets of D-diameter at most §/A?. By
induction we have Vn > 1 Vo € V T7"V is a disjoint union UyeT*”x U, of open
sets of D-diameter at most 6/A™ and T™ maps each U, homeomorphically onto V'
increasing distances. If we now revert to the original metric d there is some do > 0
such that if V' is open and diam(V') < d2 and « € v, then Vn > 1 T~V is a disjoint
union UyeT,nz U, of open sets with 7™ mapping each U, homeomorphically onto

We now consider the condition of weak specification on T. Several equivalent

forms are given in the following theorem in which En(x, ¢) denotes the closed Bowen
ball {y € X|d(T'x,T'y) <e, 0<i<n-—1}.

Theorem 1.2. For a positively expansive local homeomorphism T: X — X the
following statements are pairwise equivalent:

(i) Ve > 0 3N > 0 such that Vo € X TNz is e-dense in X.
(ii) Ve > 0 IM > 0 such that Vo, € X ¥Yn > 1 3w € T-FMy! with
d(T'w,T'z) <e,0<i<n-—1.
(i) Ve > 0 AM > 0 such that Vo € X ¥n > 1 T"MB, (z;¢) = X
(iv) Ve > 0 3M > 0 such that Va,2' € X Yni,ne > 1 3w € X with d(T'w, T x)
<e, 0<i<ng—1and d(T™HMHi~1w, Tizy) <e, 0<j<ng—1.

Proof. Note that each of the statements is independent of the metric. We use
By(z;€) for the open ball with center  and radius ¢ in the metric d.

Assume (i) holds and we prove (ii). Let D be a Reddy metric with D(T'z, Tx') >
AD(z,z’) whenever D(x,2') < 7. Let 01,0,n be associated to D by the local
homeomorphism property. Let € > 0 satisfy ¢ < 5 ,€<71/2and n(e/2) < 7, and
let N correspond to ¢ in statement (i) for the metrlc D. By statement (i) choose
y, € T~Nz' with D(y/,,T"x) < e. By the discussion before the statement of the
theorem T~ " Bp(T"x;¢) can be written as a disjoint union |J,,cs—ngm, Uw of open
sets with D-diameter at most 2¢/A™ and T™ maps each U,, homeomorphically onto
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Bp(T™z;¢e). Let v, = Ty, N U,. Then v], € T +M)p and for 0 <i<n—1
D(T"™z, T™},)
)\nfi

Hence statement (ii) holds for the metric D, and therefore for the original metric

D(T'zT™W),) < <e/\"E

d.

Statement (iii) is clearly the same as statement (ii), and it clearly implies state-
ment (iv).

Now assume (iv) holds and we prove (i). Let € be an expansive constant and
r,2z € X. We want to find y € T~z with d(z,y) < e. By statement (iv) IM
so that ¥n > 1 3w, € z with d(w,,z) < ¢/2 and d(TMHw,,Tiz) < /2 for
0 <j <n—1. Choose a convergent subsequence w,,, — w to get d(w, z) < ¢/2 and
d(TM+iw, Tiz) < g/2 for all j > 0. Hence TMw = z. O

Because of statement (iv) we shall say that T satisfies the weak specification
condition if it satisfies one, and hence all, of the statements in Theorem ItT
satisfies the weak specification condition, then T is topologically mixing.

Topologically mixing subshifts of finite type are examples of positively expansive
local homeomorphisms with the weak specification property, and they are the only
subshifts with these properties. Another important class of examples is given by
expanding differentiable maps of smooth compact connected manifolds.

For details about (n,<) spanning sets and (n, €) separated sets see [W2].

Theorem 1.3. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. Then Yo € C(X;R) %log(ﬁgl)(x) =
P(T, ).

Proof. By weak specification if ¢ > 0 3M so that Vo' € X Vn > 1 T- M)y’ g
(n,€) spanning, by statement (ii) of Theorem [[2] If

Qn(p,e) =inf {Z e(T"“")(””)|F is (n,¢) spanning} ,

z€F

then ¢ is an expansive constant P(T, ¢) = liminf £ log Q. (¢, ). So

R AP, o1 n
P(T,¢) < lim inf E(£¢+M1)(x’) = lim inf - log(L£p1)(2") Va' e X.

Since T is positively expansive, T~ "2’ is (n,¢) separated if ¢ is an expansive
constant. If P,(p,¢) = sup{>_,c5 e @|E is (n,e) separated}, then P(T,p) >
lim sup,, _, % log P, (p,€), and this is actually an equality if ¢ is an expansive con-
stant. Therefore P(T, ) > limsup,, . +(£21)(z'), V2’ € X. Hence

% log(ﬁgl)(x) =P(T,p). O

2. CONVERGENCE THEOREM

We adapt the method of Fan ([F]) to our more general situation. As before,
let X be a compact metric space with metric d and let T: X — X be a posi-
tively expansive, local homeomorphism with the weak specification property. Let
¢ € C(X;R) and let its transfer operator be L,: C(X;R) — C(X;R). Let
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Ur: C(X;R) — C(X ,R) be given by (Urf)(z) = f(Tz). For n > 1 define
pi. C(X R) — C(X;R) by
(P(”)f)( - (U%LE” )(z) _ (LLf)(Tx) _ Y eT—nTrg e(Tn@)(2) £ ()
v TFLD (@)  EEDT) | Lcqonge, dAIO)
These operators have the following properties.

Theorem 2.1. For ¢ € C(X;R) andn > 1 let Pén) be defined as above.

(i) Pq(,") is linear, continuous and positive.

(i) PSM1=1.

(iii) If ¢ € C(X;R) is so that Vo € X € is constant on T~ "x, then

P f)y=1t-PMf YfeC(X;R).

(iv) Lopd = Lo

(v) Ifn < m, then PV P{™ = pim pim = pim).

(vi) Vf € C(X;R) P;n)f is constant on each set T~ "x.
Proof. (i), (ii), (iii) and (vi) are clear from the definition. To prove (iv) we have

(LR () = Y eT DO f)(y)

yeT—"a

n e(TvLW)(Z)f z
— Z e(T'n(P)(y) ZZET z ( ) = (ng)(x)

, e(Tne)(2)

yeT "z z€T—n
To prove (v) let n < m and then
pMpim f=pim . P by (iii) and (vi)
=PI by (ii);
UpLp P |  UpLy—"LoPef  UpLyf
Ug Ll ULl ULl
=pP™yf O

ngm)P;n)f _

by (iv)

The dual operator Pén)* maps M (X) into M (X) and is continuous for the weak*-
topology. The set Ké,n) ={ve M(X)|Pg(,n)*1/ = v} is a compact convex set which
is nonempty by the Schauder-Tychanoff fixed point theorem. Note that Ké") =
P;n)*M(X), by Theorem 2T (v). By Theorem EZT] (v) we have Kél) D Kfpz) D
and K, = ﬂflo:l KJL is a nonempty, compact convex set.

Let £, denote the dual of L,: C(X;R) — C(X;R).

*
L‘pu

Theorem 2.2. Let J,: M(X) — M(X) be defined by Jop = oM
@

PV Jr = J7 and JEM(X) € KSV.

Then

(L) p

Proof. By induction Jgu = [(ARNIOE
)

Then P;n)*J:;M = JZp by Theorem 2 (iv).
(|

Corollary 2.3. There exist v € M(X) and A > 0 with Lv = A\v. Every such v
is i K.
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Proof. The measures v € M(X) with Liv = Av for some A > 0 are exactly the
fixed points of J,. Since J, has a fixed point by the Schauder-Tychanoff theorem,
the result follows from Theorem O
)

We shall use the following theorem to get information about Pén and about

Kén). If we let L(X;R) denote the vector space of all Borel measurable functions
f: X — R, then we can consider £, asamap L,: L(X;R) — L(X;R) and Pén) as a
map P;n) : L(X;R) — L(X;R). We shall use the following result about an operator
P in the cases when P is equal to P;n) and later when P is equal to £,. For real-
valued functions the expression f, /' f means that for each z, f1(z) < fa(z) < ---

and fp(z) — f(x).

Theorem 2.4. Let P: L(X;R) — L(X;R) be a linear transformation which re-
stricts to a continuous linear operator P: C(X;R) — C(X;R). Assume P is pos-
itive in the sense that if f € L(X;R) and f > 0, then Pf > 0. Let P* act on
finite measures by [ fd(P*p) = [Pfdu, f € C(X;R). Assume that P also has
the property that whenever {f,} is a sequence in L(X;R) with f, — [ pointwise,
then Pf, — Pf pointwise. Let u € M(X). Then for all f € L(X;R) with f >0
we have [Pfdu = [ fd(P*p). In particular, VB € B(X)(P*u)(B) = [ Pxpdu.
Also, if f € L(X;R), then f € L} (X)) iff Pf e L}(X) and for such f we have
J P = [ fa(Pp).

Proof. Let C = {B € B(X)| [ Pxgdu = (P*u)(B)}. We have X, ¢ € C and C is
closed under complements and finite disjoint unions. We show every open set is in
C. Let U be an open subset of X and write it as a countable union J;Z, B(x;;7;) of
open balls. Let C,, = U;LZI B(zj;r; — %) where B(x;r) is taken as empty if r < 0.
Each C), is closed, C; € Co € C3 C -+ and UZO=1 C, = U. By Urysohn’s lemma
choose a continuous f;: X — [0,1] with x¢, < fi < xv. Then f; — xu pointwise
so Pf; — Pxy. By the dominated convergence theorem [ P fidu — [ Pxydp, and,
also by the dominated convergence theorem for P*u, [ fid(P*u) — [ xud(P*w).
Hence U € C.

We next show C = B(X). Define a measure 1 on X by p1(B) = [ Pxpdy,
B € B(X). The above shows u1(U) = (P*u)(U) for all open sets U, and since
every finite measure on X is regular, we have pq3 = P*u. Hence C = B(X).

If f is a nonnegative simple function, then [ Pfdu = [ fdP*u. If f is a non-
negative measurable function, we can choose a sequence { f;} of nonnegative simple
functions with f;  f. Since P is positive we have Pf; / Pf and the desired
result follows for f, and f € L}D*M(X) iff Pf e L}L(X). By considering positive and
negative parts of f € L(X;R) we have f € L} L (X) it Pf e L} (X) and for such
f wehave [ Pfdu= [ fd(P*u). O

The following result is now clear.

Corollary 2.5. Ifv € KS and f € L(X;R), then f € LL(X) iff PS" f € LL(X).
For f € LY(X) we have [ fdv = [ PS" fdv.

Corollary 2.6. Ifv e Ké"), f€LLX) and B € B(X), then

/ fdv = / P fdv.
T-"B T-7B
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Proof. By Corollary B8 [ fxrnpdv = [ PY(f - xz-np)dv = [ xr-npPS" fdv
by Theorem 2] (iii). O

The following characterizes the members of K ;n).

Corollary 2.7. For v € M(X) the following statements are equivalent:
(i) ve K.
(i) By(fr-n5) = PS [ ae (v) ¥f € LL(X).

(i) E,(fyrnp) = PS"f ae. (v) Vf € C(X;R).

Proof. We have (i) = (ii) by Corollary [Z6] Clearly (ii) = (iii). If (iii) holds and
f € C(X;R), then

/P(")fdz/ = /Eu(f/TfrnB)dy = /fdz/, sove KM, O

So the elements of K ;n) are those probability measures with conditional expec-
tation E(f/7-np) given by Pén)f.
Corollary 2.8. Let v € M(X) satisfy L,v = Av for A > 0. If f € L(X;R) and
>0 we have [ L,fdu = X[ fdv. Also, for f € L(X;R) we have f € LL(X) iff
L,f € LL(X) and for these f, [ Lofdv =X [ fdv.
Proof. Put P equal to L, in Theorem 2.4 |

The following result characterizes the situation when K, is as small as possible.

Theorem 2.9. LetT: X — X be a positively expansive local homeomorphism with
the weak specification property and let p € C(X;R). The following statements are
pairwise equivalent:

(i) K, has only one member.

(ii) Vf € C(X;R) 3e(f) € R with PV f =c(f).

(ifi) Vf € C(X;R) 3e(f) € R with PY f — ¢(f) pointwise.

(iv) Vf € C(z;R) Je(f) € R with 22{ =c(f).

When these statements hold the unique element v of K, satisfies Liv = Av for
some X >0 and c(f) = [ fdv.

Proof. (i) = (ii). Let K, = {v}. If (ii) holds, then ¢(f) = [ fdv by the bounded
convergence theorem. If (ii) fails, then 3fy € C(X;R) and 3o > 0 and sequences
n; — oo and z; € X with |(P<,(9"j)f0)(:cj) —v(fo)| > €0 ¥j > 1. We can write this

’/hﬂﬁwwm—/hw

Choose a convergent subsequence Pénj)*éxj — 7 € M(X). Since Kén)

P M(X), we have T € K,. But | [ fodr — [ fodv| > €9 so 7 # v and this
contradicts (i).

It is clear that (ii) and (iv) are equivalent, and that (ii) implies (iii). It remains
to show (ii) implies (i). If (iii) holds and v € K, the bounded convergence theorem
gives [ fdv = c(f) Vf € C(X;R) so that v is uniquely determined. O

>e9 V>1.




CONVERGENCE OF THE RUELLE OPERATOR 335

The above proof gives the following more general theorem. Let X be a compact
metric space and for each n > 1 let P,,: C(X;R) — C(X;R) be linear, continuous,
positive operators with P, (1) = 1 and PP, = Ppax(n,m). Define K, = {v €
M(X)|P;v = v} and then K1 D K> D --+ and Ko = (] K, is nonempty. One
can show K has only one member iff Vf € C(X;R) Je(f) € R with P, f =c¢(f).

We want to investigate the extreme points of K, and the following lemma is
helpful.

Lemma 2.10. Let v € Kén) and let h: X — [0,00) be measurable and [ hdv = 1.
Then h-v € Kén) iff Pé")h =h ae. (v).

Proof. Tt h-v e K", then VA € B(X)
/Ahdl/ = /XA <hdv = /(P(")XA) - hdv by Corollary [2.5] applied to h - v
= /P(") (P(")XA - h)dv by Corollary [Z5] applied to v
= /P(")XA - PM™hdy by Theorem 1 (iii) & (vi)
= /P(") (x4 - P™h)dv by Theorem 2] (iii) & (vi)

= /XA - P™hdy by Corollary 2.5 applied to v

= / P hdy.
A
Hence P™Mh = h a.e. (v).

Conversely, if P(™h = h a.e. (v), then for f € C(X;R),
/f ~hdy = /P(”)(f - h)dv by Corollary applied to v
= /P(”)f - hdv by Theorem 2] (iii).
Therefore h-v € K™, O

This leads to

Theorem 2.11. (i) The extreme points of K, are exactly the elements of K,
that are tail-trivial.
(i) If v1,v2 are extreme points of K, then either v1 = vp or v,y are singular
on Boo =oro T "B(X).

Proof. (i) Let v be tail-trivial and v € K. Let v = pv; + (1 — p)ve with 0 <p < 1
and vq,v2 € K,. Since 11 < v and v < v, the above lemma gives 11 = hiv,
vy = hov with hi, ho both measurable (mod v) with respect to B. Therefore
hi, hg are both constant (mod v) so ¥4 = v = ve. Hence v is an extreme point of
K,.
If v € K, and v is not tail-trivial, there is some By € B with 0 < v(By) < 1.

Then %, % € K, by Lemma ZI0, and v = v(By) - (—ffgolg) +

(1- V(BO))(f(XX\J\BjOBOl;) so that v is not an extreme point of K.
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(i) Let 11,12 € K, and both be tail-trivial. If vy # 19, choose fo € C(X;R)

vi(fo) # v2(fo). Let B; = {& € X|(Pnfo)(xr) — vi(fo)}. By the Martingale
theorem v;(B;) = 1 ([P], p. 231). Since B; N By = @& we have that vy, are a
singular pair. Note that B; € Bo. O

We want to show that when ¢ satisfies Bowen’s condition there are no singular
pairs in ,,, and hence, by Theorem [2.17] (ii), K, as only one member. We shall use
the open Bowen balls B, (7;8) = {y € X: |d(T'x,T'y) < §,0 < i < n — 1}. For
M > 1 and € > 0 let sp(e) denote the maximum number of points in a (M, e)
separated set with respect to T ([W2], p. 169). For the following lemma we only
need T to be positively expansive.

Lemma 2.12. If T: X — X is positively expansive and 20 is an expansive con-
stant, then for M >1,n >0 andy,z € X the set By (y;6)NT~ "Mz has at most
sm(29) points.

Proof. If wi,wy € By (y;0) NT~ M)z then d(T wy, Tws) < 28 for 0 <i <n—1
and T My = T My, Since 24 is an expansive constant, the set 77 (B,, (y; ) N
T—(+M)2) has the same cardinality as B, (y; 6)NT~(**™) 2 and it must be (M, 20)
separated. [l

Corollary 2.13. With the notation of Lemma 212 {v € T~("+Mz|B, (v;6/5) N
By (y;9,2) # @} has at most sp1(26) points.

Proof. Let v be in the above set. Then v € B,(y;6) so v € T~"+™) >N B, (y;9),
and we can apply Lemma [2:12] O

The following theorem concerns strictly positive continuous functions on X, and
we can write such a function as f = ef” for F' € C(X;R).

Theorem 2.14. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification property. Let ¢ € C(X;R). For sufficiently small
0 >0 3M > 1 with the property that ¥n > 1, Vx,z € X, VF € C(X;R)

(LEM ) (z) < e A, (LotMel)(2)
where A,, = SM(26)@M||@I|+U7L(T7L@,6)'

Proof. Let 6 > 0 be so small that 2§ is an expansive constant. By weak specification
there exist M > 1 with T"*Mgn(w;é/g =X Vn > 1, Vw € X. Hence Vz,y €
X Vn>1By(y;60) NT~ Mz o£ 5,

Let F € C(X;R) and z,2 € X. Then Y ;o (uian, elTrim@?)WeFW) <
€11(26) 3 gy, €T )M (Ta0,) P (©0)0n (F9) 1y associating to each
y € T~ Mg those v € T~ (M) with By (y;6/2) N By(v;0/2) # @. For each y
this set of v’s is nonempty by choice of M above, and has at most sys(26) members
by Corollary 213

This gives (LM eF)(z) < e”"(F"S)An(ﬁngMeF)(z). O

Corollary 2.15. Let T, ¢ be as in Theorem[2.1, and for sufficiently small § > 0
let M be given by Theorem [2.14 Then Vn > 1, Vx,z € X, VF € C(X;R)

+M _F n(F,5) A2 +M _F
(PpHMeF)(z) < e A2 (PRt Mer) (2)

where A,, = SM(25)@M||@I|+U7L(T7L¢76)‘

)
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Proof. By Theorem 214 we have
(£Z+M€F)(Tn+M$) < GU"(F’(S)An(£Z+M€F)(Tn+MZ)
and by Theorem 2.14] with F' = 0 we have
(LT M) < A (LM 1T M), O

)

Theorem 2.16. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. Let ¢ € C(X;R) satisfy
liminf,, oo U (Thip,0) < oo for some & > 0, which is implied by Bowen’s condi-
tion. Then:

(i) K, has only one member which is the unique v € M(X) with LL,v = \v for

some A > 0.

(ii) v is tail-trivial.

(it}) Vf € COGR)(Z5) (@) =v(f).

(iv) The unique A > 0 determined by (i) satisfies

£n+11
A= / Loldy =T = lim Zg | (@) Ve € X.
Also, X is the spectral radius of L,: C(X;R) — C(X;R).
(v) If ¢ satisfies Bowen’s condition, there is a constant D > 1 so that D=% <
L@ < Dyn >0,V eX.
Proof. We first use Corollary[ZTHl to show K, has only one member. let v,/ € K.
If we integrate the inequality in Corollary 2-T0lin « with respect to v, and integrate

in z with respect to v/ we get

/eFdV < e“"(F"S)Ai/eFdl/ Vn > 1, VF € C(X;R).
If A =1liminf, .. A,, which is finite by assumption, then
/ede < AQ/eFdz/ Vf e C(X;R).

This implies v < v/, so by Theorem 21Tl (ii) we have v = /. To see the above
inequality gives v <« v/, let C be a closed subset of X with v'(C) = 0. For
€ > 0 choose an open set U, D C with v/ (U;) < e, and a Urysohn function
f € C(X;R) with xc < f < xu.. Then V7 > 0 [(f + 7)dv < A% [(f + 7)dV so
v(C) +71 < A2(V'(U:.) + 7) < A%(e + 7), and hence v(C) = 0. If B € B(X) has
V' (B) = 0, then v/(C) = 0 for every closed C' C B and so v(B) = sup{v(C)|C
closed, C C B} = 0. Hence K, has only one member.

From Corollary 23] we know there exists v € M (X) and A > 0 with LLv = v,
and that such a measure is in K,. Hence there is a unique such v. Then A is given
by A = [ L,1dv. Theorem [ZTT] (i) gives that v is tail-trivial.

The convergence property (iii) follows by Theorem [Z9. If we put f = L,1 in

n+1
the convergence property we get %(m) =\. Hence [(Cgl)(x)]l/” =X and since
7}
L5 = [I£31]|co; We get that A is the spectra radius of L,: C(X;R) — C(X;R).
The relation P(T), ¢) = log A follows from %E;l(x) =log A and Theorem [[:2]
To prove (v) let § be small enough for Theorem 214 to hold and let M be given

by Theorem .14, Putting F' = 0 in Theorem [2.14] gives
EngMl(x) < AOOEZJer(z) Vn>1, Vr,zeX
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L7L+1\41(x)
where Ao, = sup A,. If we integrate with v in z we get ~55zmr— < Ao Vo €

n+M
X, ¥Yn > 1, and if we integrate in z we get A’lgﬂ’)\w—}wVZEX Vn > 1. If we
let B =sup{Z520 < i < M, z € X} and E = inf{ZX2 0 <i < M, z € X} >

0, then put D = max(As, B, E™1). Then D=1 < 28 < Dz e X, wn>0. O

Corollary 2.17. Let T be a positively expansive local homeomorphism satisfying
the weak specification condition, and let ¢ € C(X;R) satisfy Bowen’s condition. If
v, A are as in Theorem the following statements are pairwise equivalent:

(i) 3h € C(X;R) with h >0, Loh = Ah, v(h) =1 and
(L3 f)(2)
A"

) 3h € C(X;R) with h > 0 and L,h = Ah.
) E2)@

)

)

Vf € O(X;R) =h(z)v(f).

(it

(iii

S converges uniformly as n — oo.

1 Zn 1 (£L1)(@)

(iv =0 )\, converges uniformly as n — oo.

(v
(vi) {& Sy L/\,.,l |n > 1} is an equicontinuous subset of C(X;R).

Proof. Clearly (i) = (ii). If (ii) holds, then putting f = h in Theorem 216 (iii)
gives 5 =2 g6 (iif) holds. Clearly (iii) = (iv), (iv) = (vi), (iii) = (v) and

(v) = (vi). It remains to show (vi) = (i). If (vi) holds, then { Z:‘L:_ol [:)%1 n>1}
is equicontinuous and each member is bounded from below by D~' and above
by D, by Theorem [ZT6 (v). It’s closure in C(X;R) is therefore compact so that

there is a subsequence - 377 ! C)%’,;l which converges in C'(X;R) to some h with
D=1 < h. Then L,h = Ah, and v(h) = 1. Putting f = h in Theorem (iii)

gives ([,7:\173(93) =h(z) and hence Theorem 216 (iii) gives )\,Lf =hv(f). O

)\ﬂ |n > 0} is an equicontinuous subset of C(X;R).

Due to Theorem .16l (v), part (v) of Corollary2I7is equivalent to Ve > 035 > 0

such that whenever d(z,z’) < §, then |((fﬂlw ll<eVn>1

We shall deduce uniqueness of the equlhbrlum state of a Bowen function in §4
. E’Tl
and also consider convergence of )\“,’Lf.

One has the following characterization of the Bowen condition.

Theorem 2.18. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification property. For ¢ € C(X;R) the following are pair-
wise equivalent:

(i) ¢ satisfies Bowen’s condition.

(il) Iv € M(X) and A > 0 with the property that for all sufficiently small 6 >

0 3Ds > 1 with Dy < A2 @) < Dy o e X, ¥n > 1.

(i) Jv € M(X) and A > 0 with the property that for some expansive constant

Z/(B (z;00))

8o 3Ds, > 1 with Dy ' < S T @

<D;s, VxeX, Vn>1

Proof. To show that (ii) and (iii) are equivalent it suffices to show that if d1, J2 are
expansive constants and the property holds for §1, then it holds for d5. So assume
Ds, exists. Choose N so that d(T"x,T"y) < 61, 0 < i < N — 1, implies d(x,y) < d2
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and choose K so that d(T'z, T'y) < 02, 0 < i < K — 1, implies d(x,y) < d;. Then
B, yn(z;01) C Bp(z;d2) so

N
1 _1 _ v(Bp(x;92))
()\e||€|) Do, < ey TEEL Yzl

and By (x;02) C Bp_k(x;01) for n > K so V(B (i) < Ds, ()\e”e”)K forn > K.

X7 e(Tne)(e)

If C = sup{-2B=:%2)) 1 ¢ X 1< n< K}, then put

A—ne(Tne)(x)
Ds, = max(C, Dy, (Aellelymax(F.N)y

Hence (ii) and (iii) are equivalent.

Assume (i) holds and let § > 0 be so small that it is an expansive constant and
C = sup,;>1 Un(The,d) < co. Let v € M(X) and A > 0 be so that L*v = Av. By
CorollaryEEIf Lofdv =X [ fdvfor f € L(X;R) with f > 0. By weak specification
there is M > 1 with T"tM B, (2;0) = X Vz € X, ¥n > 1. Then

'CZJFMXB”(;E;é) (Z) = Z e(TnJer)(y)XBn(x;é) (y)
yeT—(ntM)
has nonzero terms for each z € X and e(T»?)(@)—Mlel-C < £$+MXB”(x;5) (z) <
sp1(20)eTre @)+ Mlell+C by LemmalZIZ Integrating in z gives e(Tn®)(@)—Mlel-C <
MMy (B, (236)) < eTne®)spr(26)eMI¥I+C Ve € X, ¥n > 1. Hence (ii) holds with
D5 = 57(26)eMlell+C ) =M
Now suppose (ii) holds and we wish to prove (i). For sufficiently small § %
< DysDs Vo € X, Vn > 1. Let d(T'z,T'2") < djp for 0 < i < n —1. Then
x € By(2';9) so By(x;9) C By(2';25) and
_ , B, (z;9)) v(Bp(2';20))
Tnp(z)=Tne(z') < D2 V( nA" < 2 n ) D D3
‘ = UB@9) T vBae) T

Therefore ¢ satisfies Bowen’s condition. O

3. g-MEASURES

Let T: X — X be a positively expansive local homeomorphism satisfying the
weak specification condition. Let g: X — (0,1) be continuous and satisfy
ZyeT,lm g(y) = 1 Vz € X. Such a function is called a g-function for 7', and as-

signs, in a continuous way, a probability distribution to each of the finite sets T 'x.
We have (Liog g f)(z) = >, cr-1,9(y)f(y) and Liog 41 = 1 so that (Plg';)gf)( ) =
Yer—ngng 9(2) - g(T"12) f(2).

Hence PIE:;;) g = U"El(:f sg- BY the Schauder-Tychanoff fixed point theorem there is
always at least one p € M(X) with £{, p = p. Every p € M(X) with L, pu=p
is T-invariant, since if f € C(X;R) [ foTdu = [ Liogg(foT)du = [ fdu. In fact,
using the notation of the previous section, we have, if G, = {u € M(X)|L{,, ,u =
w1} is the set of g-measures:

Theorem 3.1.
Gy = Kiogg NM(X,T) =K 0 M(X,T).

log g
Proof. We have Gy C Kiogg by Corollary and Gy C M(X,T) by the above.
Hence Gy C Kiog g M (X,T) C KLY AM(X,T). However, if € K\ nM(X,T)

log g logg
then 1 € Gy. O
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From Theorem [Z3J we know that Kiozy has only one member iff
Vf € C(X;R) 3e(f) € R with Li;,  f =c(f). One can easily show that there is a

unique g-measure iff Vf € C(X;R) Je(f) € R with %Z?;OI ﬁfoggf Z¢(f). Bram-
son and Kalikow have given examples of g-functions without unique g-measures
(IB-KT)).

Our Theorem 2:16 gives the following result, which was proved by Fan in the

case of topologically mixing subshifts of finite type ([E]).

Theorem 3.2. Let T: X — X be a positively expansive local homeomorphism
with the weak specification condition. Let g: X — (0,1) be continuous and Vx €

X ZyET—lx gly) = 1. Let logg satisfy Bowen’s condition (i.e. 36 > 0 and C > 0

i, i ; Y (2)g(T)---g(T" ') c
such that d(T"z, T'2') < §,0 < i < n — 1 implies g‘(]x,)gg(Tx,)”i](Tn,lx/) < e%).
Then Vf € C(X;R) Ll ,f = constant. The set Kiogg has only one member, in
particular, there is a unique g-measure . Also, u is exact.

So for the collection of functions of the form log(g) Bowen’s assumption implies
the conclusion of Ruelle’s theorem.

There are examples of g’s with L,  f = constant but logg does not satisfy
Bowen’s condition ([H]). Such an example is the following where a € (0, 1).

On the space X = {0,1}2" let

3
a(g—jr;) if (0, apsr) = (1,1,...,1,1,0), n >0,
3
o) = 1—a(z—g> if (0, ..., 2ns1) = (0,1,1,...,1,1,0), n >0,
a ifo; =1 Vi>0,
1—a ifeg=0and z; =1 Vi>1.

Theorem gives the following

Theorem 3.3. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification condition. For a g-function g: X — (0,1) the follow-
ing are equivalent:

(i) logg satisfies Bowen’s condition.
(il) 3u € M(X,T) with the property that for every sufficiently small § > 0 3Ds >
1 with

_ By (:9))
p-1 < — MBnl: <Ds VreX, VYn>1.
S () (Tt =Y

(i) dp € M(X,T) such that for some expansive constants o 3Ds, > 1 with

L p(Balio)
Do = ) g

Proof. In the proof of Theorem T8 we showed a measure satisfies the property in
(ii) iff it satisfies the property in (iii). If (i) holds and we choose p with Lj,, u = p,
then the proof of Theorem T8 with v = p, A = 1, shows pu satisfies (ii). We get
(iii) implies (i) by Theorem I3 O

<Ds, VexeX, VYn>0.

Corollary 4.7 will give more information.
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4. EQUILIBRIUM STATES

In this section we want to study equilibrium states and study the convergence
C)\*‘j,f as n — 0o. We use a method involving measurable g-functions.

Let T: X — X be a positively expansive local homeomorphism with the weak
specification property. If ¢ € C(X;R) satisfies Bowen’s condition, Theorem [ZTd

gives a unique v € M(X) and unique A > 0 with Liv = v, A equals eP(T¢) and

v is tail-trivial. Also 3D > 1 with D! < £58 < Dz e X, vn > 1.
The following gives information about solving the equation £,h = Ah when

v € C(X;R).

Theorem 4.1. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification condition. For ¢ € C(X;R) and A > 0 the following

statements are equivalent:

(i) 3D > 1 with D' < 2589 < D vz e X, ¥n > 1.

(ii) 3 measurable h: X — [dy,d2] C (0,00) with L,h = Ah.
(iii) 3h: X — [d1,d2] C (0,00) with L,h = Ah.

of

Proof. Assume (i) holds. Let hi(x) = limsup,,_, CZ;W@. Then hy: X — [D~1, D]

is measurable and one readily gets Ahi(x) < (L,h1)(z). To get h with Loh = Ah
everywhere we can proceed as follows.
We have (ﬁf\’:l) < Dc“’)\l,fx) < D?VYn >1, Vx € X and since D™! < by <

L2h . . Loh Leoh
c*‘;\hl < 2 <L if we let h(z) = 11mnﬂoo(“’)\¢ = su nw, then h

is measurable, h: X — [D~!,D?], and L,h = Ah everywhere. Hence (ii) holds.
Clearly (ii) implies (iii). It remains to show (iii) implies (i). From (L3h)(x) =

A"h(x) we have di L3 1(x) < A"d so that [Z;’)\ln(z) < g—?. Similarly, do L3 1(x) > A"dy
so 41 < £l O

The discussion before Theorem ET] gives

Corollary 4.2. If ¢ satisfies Bowen’s condition and X = e T"%) | there exists a
measurable h: X — [di,d2] C (0,00) with L,h = Ah everywhere.

From now on we assume ¢ € C(X;R) satisfies Bowen’s condition and that
veM(X),A>0,h: X — [di,da] C (0,00) are so that L,v = Av, h is measurable,
Ly,h = Ah and v(h) = 1. The last condition can be attained by replacing h in
Corollary by % If we want to emphasize dependence on ¢ we use vy, Ay, fp.

Theorem 4.3. Let ¢ satisfy Bowen’s condition and let v,\,h be as above. Let
w="h-v. Then p € M(X,T) and T is an exact endomorphism with respect to p. If
h: X — (0,00) is measurable with v(h') =1 and L h' = Ah' a.e. (v), then h' = h
a.e. (V).

Proof. 1f f € C(X;R), then [ foT-hdv =X"1 [ L,(foT -h)dv =X~ [ f-Lohdy =
J f-hdv, so pis T-invariant. The measures v and h - v are equivalent so 4 is also
tail-trivial, and hence T is exact with respect to p. If A’ is as in the statement of
the theorem, then p/ = h’-v is also in M (X, T') and is tail-trivial and so both u and
u' are ergodic. Since p’ < p we must have p’ = p and hence b/ = h a.e. (v). O

From now on we use y for h - v, and write it u, if we wish to emphasize its

relationship to ¢. Note LL(X) = LE(x) Vp > 1. Also, let g = )\e;;;ohT Then
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g is measurable, g: X — [a,b] C (0,1) and Vo € X > 71, 9(y) = 1. Let
Liogg: L(X;R) — L(X;R) be defined by (Lioggf)(®) = 3, cr-1,9(y)f(y). We
have for n > 1

(Lo D)) = g (Eth - 1))

From Corollary 28| [ L, fdv = X [ fdv Vf € LL(X) so we have

[ usatdu= [ fau s e Lhx) = L)

We have the following version of a result of Ledrappier ([L]). We write B instead
of B(X) and if 7 € M(X,T), then h (T) denotes the entropy of the measure-
preserving transformation T': (X, B,7) — (X, B, 7).

Lemma 4.4. Let T: X — X be a positively expansive continuous surjection and
let g: X — |[a, b] (0,1) be measurable and satisfy 3, cp-1,9(y) =1 Vz € X.

We have h(T) + [loggdr <0Vr € M(X,T). For o € M(X,T) the following
statements are pazrwzse equivalent:

i) [Lioggfdo = [ fdo Vf e LL(X).
(ii) o € M(X,T) andVf ELl( ) Eo(fyr-18)(2) = 2 ycr-17. 9W) f () a-e. (0).
(iii) o0 € M(X,T) and ho(T) + [loggdo = 0.

Proof. We write £ instead of Liog 4.

Since T is positively expansive, every finite partition of X into sets of suffi-
ciently small diameter is a one-sided generator. Hence h,(T) = H,(B;p-15) V7 €
M(X,T). If g-: X — [0,1] is defined a.e. (1) by

E(fir-p)@) = > g:Wf), feLL

yeT 1Tz
then
(1) = HoBjro) == [ e lowgr ) dr(o)
yeT—1Tx
—/1oggTdT.
Hence

hT(T)—I—/logng:/logg/gTdT

“J16)
SN

E, o)

= 0 since Z gly)=1 VzeX.
yeT 1Tz

Equality holds here iff logg/g, = g/g- — 1 a.e. (7) i.e. ¢ = gr ae. (7). Hence
h-(T)+ [loggdr <0Vt e M(X,T).
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(i) = (ii) Let f € L. Then [ foTdo = [L(foT)do = [ fdo soo € M(X,T).
Also, if Be B

/T—lgfdgz/f'XBOTdU:/ﬁ(ﬂxBoT)da
:/(ﬁ(f~XBOT))onJ:/T_1B S o)) dola)

yeT 1Tz

(ii) = (iii) By the above if (ii) holds, then g = g, and (iii) holds.
(iii) = (i) From the above proof we know that for 7 € M (X,T) h.(T)+ [loggdr
=0 iff g, = g a.e. (7). So if (iii) holds, then g, = g a.e. (¢). Hence for f € L}

/Efdo—/ﬁf ona_/ Z x)z/fdo. O

1Tz
Since our measure u = h - v satisfies statement (i) of Lemma B4 it also satisfies
(ii) and (iil). We use this to show f is the unique equilibrium state of (. Recall that
1 is an equilibrium state of p if V7 € M(X,T) h(T)+ [@dr < h,(T)+ [@dy;
equivalently if h,(T) + [ @ du = P(T, ¢).

Theorem 4.5. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification condition. Let ¢ € C(X;R) satisfy Bowen’s condition.
Then ¢ has a unique equilibrium state and this state is p = h - v. With respect to
w T is exact.

Proof. Since log A = P(T, ¢), we know o € M (X, T) is an equilibrium state for ¢ iff
he( —|— f wdo =log . Since ¢ =logg+logA+loghoT —logh this is equivalent
to h )+ [loggdo = 0. By Lemma E4] this is equivalent to [ Liogqfdo =
ffdo Vf € LL(X), which is equivalent to [ L,fdr =\ [ fdr Vf € LL(X), where
T = %a. This gives £,7 = A7 and we know, by Theorem 6] (i), that v is the
only probability measure that satisfies this. Hence ¢ = h - v is an equilibrium state
for ¢. If o is an equilibrium state for ¢, then ¢ = ¢- h - v for some ¢ > 0. Since
o and h - v are both probability measures we get ¢ = 1, and p = h - v is the only
equilibrium state for ¢. Exactness was proved in Theorem E3. [l

Theorem 4.6. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification condition. Let ¢ € C(X;R) satisfy Bowen’s condition,
and let X = ePT:%) | The following three statements about o € M(X,T) are pairwise
equivalent:

(i) o is the unique equilibrium state = h - v.
(ii) For every sufficiently small 6 > 0 IE5 > 1 with

0 (Bn(;0))
=B 7me Vee X, Vn>1.

(iii) For some expansive constant dg IEs, > 1 with

o(Bn(z;d0))

E(SO 7WSE60 VLL'EX, VTLZ].
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Proof. Let v, A\, h be associated to ¢ as usual.
Assume (i). We have 0 < d~! < h < d for some d > 1. By the proof of
Theorem we know A, v satisfy statement (ii) of Theorem I8 so we have
_1 _ H(Bn(x:9))
B S Y remo@)
if E5s = dDs. Hence (ii) holds.
Clearly (ii) implies (iii). Assume (iii) holds and we prove (i). We have

<FEs VreX, Vn>1

L logo(Ba(r: 00)) + - (Tog)(x) = log A = P(T, p).

Integrating with respect to o, and using the Brin-Katok local entropy formula
(IB=K2]), gives ho(T) + [ ¢do = P(T, ). This says o is an equilibrium state for
¢ and so must equal the unique one pu. O

We have the following special case.

Corollary 4.7. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. Let g € C(X;R) be a g-function so that
log g satisfies Bowen’s condition. Then the unique g-measure is the only member u
of M(X,T) with either of the following properties:
(i) for every sufficiently small 6 > 0 IEs > 1 with
Byl < 1B (239)) — < E; YzeX, Vn>1;
9(x)g(Tx)---g(Tr'x)
(ii) for some expansive constant 69 IEs5, > 1 with
o p(Baulad)
© = g(a)g(Ta)- - g(T" ')
The following generalizes Theorem B3]

<Es, VxeX, Vn>1.

Theorem 4.8. LetT: X — X be a positively expansive local homeomorphism with
the weak specification condition. The following statements about ¢ € C(X;R) are

pairwise equivalent:
(i) ¢ satisfies Bowen’s condition.
(il) Ju € M(X,T) and X > 0 with the property that for all sufficiently small
0 >0 3Es > 1 with
_1_ H(Bn(x:9))

(i) dp € M(X,T) and A > 0 with the property that for some expansive constant
8o IEs, > 1 with

f(Bn (3 00))
A~ e(Tne) (@)
Proof. We get (i) = (ii) by Theorem 6l Clearly (i) = (iii), and we get (iii) = (i)
by Theorem 2.8. |

Byl < <Es;, VreX, Yn>1

We can now make some deductions about equilibrium states using a result of
Quas [Q]. The result of Quas says, in our context, that if T: X — X is a positively
expansive local homeomorphism satisfying the weak specification property and u
is an ergodic member of M (X,T) with full support, then if F' € Lj°(X) satisfies
FoT—F = f € C(X;R) a.e. there is G € C(X;R) with GoT — G = f everywhere.
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We shall let ¢ € C(X;R) satisfy Bowen’s condition and let A, v, h be so that Lv =
M, Loh = Mh, v(h) = 1. We know, by Theorem 2.8, that v(B,(z,d)) >0 Vz € X,
Vn > 1 so that if U # @ is open, v(U) > 0 because By, (x,0) C U for some n > 1
and some x. Hence p = h - v is an ergodic T-invariant measure with full support.

Theorem 4.9. Let T: X — X be a positively expansive local homeomorphism sat-
isfying the weak specification conditions. Let v1,p2 € C(X;R) both satisfy Bowen’s
condition. Then iy, = g, iff Ic € R and f € C(X;R) with o1 —@o = c+ foT —f.

P1p P2 p
Proof. Let py, = pp, = p. Then g, = gy, ae. pso 53-8 = -5 ae. (u)

where the A;, h; correspond to p;, i = 1,2. Hence v1 — 3 = log(A1/A2)+ HoT — H
a.e. (u) where H = log hy —log hs. Since H € L7°(X), the result of Quas mentioned
above implies 3f € C(X;R) with ¢1 — w2 =log(A1/A2) + foT — f everywhere.
Conversely, if o1 — 2 =c+ foT — f with f € C(X;R), then @1, p2 have the
same equilibrium states, since o(p1) = o(p2) + ¢ Vo € M(X,T), s0 iy, = gy, by
Theorem E.5. O

This result was known under the stronger assumption of Theorem [[.3] ([W1], p.
134).

Theorem 4.10. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. Let ¢ € C(X;R) satisfy Bowen’s con-
dition. The equivalent statements (i) to (vi) of Corollary [2-17 are each equiva-
lent to: (vil) the unique equilibrium state u of ¢ is a g-measure for a continuous
g: X —(0,1).

Proof. we show (vii) is equivalent to the existence of h € C(X;R) with h > 0
and L,h = Ah, which is statement (ii) of Corollary 217 If such a h exists, then
g= /\e;;ohT is continuous and p is a g-measure for this g, so that (vii) holds.

Now assume (vii) holds. If p is a g-measure for a continuous g, then g = )f: fT
a.e. () where Loh = Mh and h: X — [di,dp] C (0,00) is measurable. This
says ¢ — logg — logA = logh o T — logh a.e. (i), and since the left-hand side is
continuous and logh € Li°(X) we can use Quas’ result to obtain H € C(X;R)
with ¢ —logg —logA = H o T — H everywhere. Since }_ -1, 9(y) =1 Ve € X
we have L, et = Nefl. O

We now turn to the convergence of C)\*‘;f.

In the following we use || - ||, to denote the norm in L?(X). The following result
was obtained by Ruelle by another method (|Rul).

Theorem 4.11. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. Let ¢ € C'(X;R) satisfy Bowen’s condi-
tion. Let A >0 and v € M(X) satisfy Li,v = Av and let h: X — [dy,da] C (0,00)
be measurable with L,h = Ah and v(h) = 1. For every p > 1 and every f € LV(X)

(Lof)()
—w h(z)v(f)

— 0 as n — o0.
P

Proof.

L f(x
@/\fn( ) h(z)v(f) = [Liog o(f/h)(x) — v(f)]h(z)

= [Liog o(f/M) (@) = u(f/W)]h().
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Since 0 < d; < h < dg, we have f € LE(X) iff f/h € L%(X), and it suffices to
show [|(Log ,8) (@) — p(F)[l, — 0 VF € LF,(X), where || - [|, now denotes the norm
in Lﬁ(X). By the L! and LP, p > 1, convergence theorems ([P], pp. 231, 234)
E(F/T7"B(X)) = Eu(F/(,Zo T "B(X)) in L’(X). Since p is tail-trivial, the
limit is p(F). Hence |[(Liy, ,F)(T"z) — p(F)|l, — 0 so, since p is T-invariant,

[(Liog o F) (@) — u(F)[p — 0. O

Corollary 4.12. Let T: X — X be a positively expansive local homeomorphism
satisfying the weak specification condition. There is an increasing sequence of inte-
gersny <ng <ng <--- and a set B € B(X) with u(B) = 1, where u is the unique
equilibrium state of ¢, such thatVf € C(X;R) Vz € B

(L5 f)(=)

‘P)\T — h(x)v(f).
Proof. By Theorem HTTlwith f =1 we get {n;} and B € B(X) with v(B) = 1 so
that LeD@ 1)(96) — h(x) Yz € B. Combining this with Theorem (iii) gives the
result. |

5. PROPERTIES OF THE DENSITY FUNCTION h

Let T: X — X be a positively expansive local homeomorphism satisfying the
weak specification property, and let ¢ € C(z;R) satisfy Bowen’s condition. From
Corollary B2 we know there is a measurable h: X — [d1,d2] C (0,00) with L,h =
Ah and we can normalize so that v(h) = 1.

Let h: X — [dy,ds] be defined by h(x) = lims_q sup{h(y)|d(z,y) < 6}. Then h
is upper semi-continuous and \h < LI@E. Since both sides have the same integral
with respect to v, we get A\h = £¢E a.e. (v). Similarly, if h: X — [dy,d2] is
defined by h(z) = lims_oinf{h(y)|d(x,y) < J§}, then h is lower semi-continuous
and Ah > L,h so A= L, h a.e. (v). We have h < h < h so that v(h) < 1 < v(h),

and by Theorem 3] h = V(h) % a.e. (V).
Theorem 5.1. We have m < % everywhere. Also,
h h _
{x eX hix) = @} C {zx € X|h and h are continuous at x}
v(h) v(h)

and both sets are dense Gs sets with full v-measure.

Proof. Let ¢ = Zéi; > 1. Then h = ch is upper semicontinuous so that {z(

E =
ch)(z) < 0} is open and has v-measure zero. Hence this set is empty and ch < h
everywhere. We have

(o € Xlehte) =)} = () { € X107 - ) < |

so this set is a G set, and since it has v-measure 1 it must be dense. Let z be so
that ch(z) = h(z) and we want to show h and h are continuous at . Let & > 0.
Since h is upper semicontinuous at = and h is lower semicontinuous at x 35 > 0
so that d(z,z) < & implies h(z) < h(z) + ¢ and h(z) — e < h(z). Therefore if
d(z,z) < 4, then

h(z) — ce = c(h(z) —¢) < ch(z) < h(z) < h(x) + ¢
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so |h(z) — h(x)| < ce. Also, d(z,x) < § implies

h(z) = <1+%>5< %E(z)— <1+%>e< %E(m)—ezﬁ(m)—5<ﬁ(z)
so that |h(z) — h(z)| < e. O

Corollary 5.2. If inf, Eg; = 1 (in particular, if h is continuous at one point),

then v(h) = v(h) and v({zx € X|h is continuous at x}) = 1.

>

(x

(x; Vz € X so the assumption implies v(h) = v(h).

Proof. We have 1 < Zg; <

By Theorem E1l {z € X |h(z) = h(x)} C {z € X|h and h are continuous at x} so if
h(x) = h(z), then using h < h < h gives h(z) — h(z) < h(z) — h(z) < h(z) — h(z)
and hence h is continuous at . O

I=

. d . W . . . . .
Therefore the density ¢& has a version ﬁ which is upper semicontinuous and is
continuous at v-almost every point, and a version o) which is lower semicontinuous

and is continuous at v-almost every point.
The author does not know if there exists a continuous density h when ¢ satisfies
Bowen’s condition.
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